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Unsteady Swirling Flows in Annular Cascades,
Part 2: Aerodynamic Blade Response

Vladimir V. Golubev¤ and Ha� z M. Atassi†

University of Notre Dame, Notre Dame, Indiana 46556

A model is developed for the interaction of unsteady incident disturbance in a swirling mean motion with an
annular cascade of unloaded blades. The incident disturbances are modeled by using a combined eigenmode
analysis with initial-value problem solutions as described elsewhere (Golubev, V. V., and Atassi, H. M., “Unsteady
Swirling Flows in Annular Cascades, Part 1: Evolution of Incident Disturbances,” AIAA Journal, Vol. 38, No. 7,
2000, pp. 1142–1149). The scattered � eld is calculated in response to the blade upwash and accounts for the effects
of the centrifugal and Coriolis forces induced by the mean swirl. Benchmark results are presented for the unsteady
blade pressure in the rotor-wake/stator interaction problem. These results are compared with the strip theory and
show strong dependence on the swirl-induced changes in the radial distribution and axial evolution of the incident
vortical disturbances.

Introduction

T HE modeling of the unsteady aerodynamicsof an annular cas-
cade of airfoils was � rst developed in the two-dimensional

approximationwherein the annular cascade is unrolled into a linear
cascade of in� nite blades. In this approximation the centrifugal and
Coriolis forces resulting from the � uid circumferential motion or
swirl are assumed to be negligible. The linear cascade can be re-
garded as a model for the annular cascade in the limit, where the
hub and tip radii rh and rt are very largebut (rt ¡ rh ) / rh is small and
the circumferential velocity US is � nite. Using this model to study
the interaction of a cascade with unsteady incident disturbances,
it is possible to assume that the upstream mean � ow is uniform.
Moreover, for a � at-plate unloaded linear cascade the unsteady ve-
locity � eld can be split into a known incident vortical disturbance
convected by the uniform mean � ow and a scattered potential dis-
turbance produced in response to the incident vortical disturbance
upwash along the blade surface.1 The problem is then formulated
in terms of a singular integral equation.2, 3 Numerical solutions are
obtained for the unsteady blade pressure4, 5 and the upstream and
downstream acoustic radiation.6 , 7 The correspondingresults for an
annularcascadeare then obtained from the two-dimensionalformu-
lation using the strip theory approximation.

For a loaded linear cascadein an inviscidpotentialmean � ow, it is
alwayspossibleto split theunsteadyvelocityintovorticalandpoten-
tial disturbances. However, the vortical disturbances are no longer
simply convectedbut undergosigni� cant distortionsas they are car-
ried downstreamby the spatiallyvaryingmean � ow.1, 8 , 9 Moreover,
the potential disturbance � eld is governed by nonconstant coef� -
cients partial differentialequations.A computationallyef� cient ap-
proach for mean potential � ows was developed in Ref. 10, which
accountsfor the mean � ow distortionof the vorticaldisturbancesbut
neglects higher-order nonlinear and viscous effects. Based on this
approach, numerical solutions have been obtained for the problem
of unsteady disturbances interacting with loaded two-dimensional
airfoils11 and cascades.12 , 13

More recently, computational models were developed that con-
sider the three-dimensional geometry of the annular cascade.
Namba14 developeda singularitymethod that accountsfor the annu-
lar duct geometry and spanwise nonuniformity of the incident dis-
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turbances.However, singularity methods cannot account for the ef-
fects of nonuniformmean � ow. A linearizedEuler analysiswas also
developed by Montgomery and Verdon.15 This analysis, however,
assumes the gust to be simply convected by the mean � ow at the
in� ow/outfow boundaries, and thus may not account for the impor-
tant changes in amplitude and phase of the incoming disturbances
caused by the mean swirl.

In Part 1, we haveanalyzedtheevolutionof unsteadyincidentdis-
turbances in a swirling mean � ow in an annular duct. The centrifu-
gal and Coriolis forces associated with the mean motion couple the
pressure and vortical disturbancemodes. As a result, it is no longer
possible to split, as for a uniform � ow, the disturbances into sepa-
rate pressure (acoustic) and convectedvortical modes. However, an
eigenmodeanalysis17 , 18 revealed that the eigenmodescan be segre-
gated into pressure-dominatedand vorticity-dominatedmodes. The
latter have eigenvaluesthat accumulatewith increasingdensity near
a critical layer. The analysis also indicated that these eigenmodes
do not form a complete set. These results prompted us to describe
the upstream gust in terms of the eigenmodes and of solutions to an
intial-value problem. The initial-value solutions represent transient
vorticity–acoustic waves coupled by the mean � ow vorticity. These
waves evolve toward stable steady-state oscillations, decay, or am-
plify depending on the radial variation of the mean swirl, i.e., the
machine design.

The objective of the present paper is to analyze the interactionof
an unsteady upstream disturbance in a swirling mean motion with
a three-dimensionalcascade of unloaded blades. A model is devel-
opedwhereinthe scattered� eld is calculatedin responseto the blade
upwash resulting from an incident gust evolving in a mean swirling
� ow. Our goal is to present benchmark results and to quantify the
effects of the mean swirl on the unsteady pressure response of the
blades. In what follows, we present the formulationof our model in
terms of a coupled system of equations and de� ne the correspond-
ing boundary-valueproblem and its in� ow/out� ow conditions.The
analysis is then applied to the rotor/stator interaction problem, and
the results for the unsteady blade pressure are presented and com-
pared with those of strip theory calculations.

Governing Equations
We assume, as in Ref. 16, that the unsteadypart of the � ow quan-

tities are small disturbances about the corresponding mean values.
Thus, the total velocity can be written as

V(x) = U(x) + u(x, t ) (1)

where j u j ¿ j U j and similarexpressionsfor thepressureand density.
We use cylindricalcoordinates(see Ref. 16, Fig. 1), where the x axis
is aligned with the machine axis and r and h represent the radial
distance and the circumferentialangle, respectively.The mean � ow
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velocity U(x) is assumed to have axial and swirl components that
depend only on the radial distance r

U(x) = Ux (r)êx + Us(r)ê h (2)

where

Us = X r + C / r (3)

êx and ê h are the unit vectors in the axial and circumferential di-
rections, respectively, and C and X are constants describing a free
vortex and a rigid body mean � ow rotations, respectively. For sim-
plicity, we assume as in Ref. 16 that the axial velocity is coupled to
the swirl velocity by the condition of uniform stagnation enthalpy
across the annulus.This determinesUx (r) in terms of Us(r ) and U0,
the latter being the axial velocity speci� ed at the mean radius of the
annulus rm [Eqs. (4) and (8) of Ref. 16].

We further decompose the unsteady velocity into vortical and
potential components

u = u(R) + r u (4)

and assume that the unsteadypressure is determinedsolely in terms
of the potential function

p 0 = ¡ q 0
D0 u

Dt
(5)

This has the advantage of associating the vorticity with u(R) and
the unsteady pressure with u . Substituting Eqs. (4) and (5) into
the unsteady linearized Euler equations, we obtain the following
coupled equations for the vortical velocity u(R) and potential u :

cu( R) = ¡ f 0 £ r u (6)

w u = (1/ q 0) r ¢
£
q 0u( R)

¤
(7)

where c and w are, respectively, the operators of convection and
wave propagation:

cu(R) ´
D0u( R)

Dt
+

£
u(R) ¢ r

¤
U (8)

and

w u ´
D0

Dt
1
c2

0

D0

Dt
u ¡

1
q 0

r ¢ ( q 0 r ) u (9)

D0 /Dt = @/ @t + U ¢ r is the convective derivative, f 0 is the mean
� ow vorticity, and q 0 and c0 are the mean � ow density and speed
of sound, respectively. Equations (6) and (7) clearly show that in a
swirling mean � ow the unsteadypressure and vorticityare coupled,
i.e., the unsteady pressure will produce an associatedvortical � eld,
and the unsteady vorticity will create an associated pressure � eld.

The eigenmodeanalysis18 of Eqs. (6) and (7) shows that theeigen-
values are segregated into nearly sonic and nearly convected zones.
This suggests that we consider

u(R) = u(R)
(s) + u( R)

(c) , u = u (s ) + u (c) (10)

where the subscript s denotes solutions propagatingat nearly sonic
velocities in the mean � ow frame of reference and c, those nearly
convected. Moreover, the eigenmode analysis shows that the un-
steady pressure is dominated by the s modes, whereas the unsteady
vorticity � eld is dominated by the c modes.

In the present analysis of unsteady � uid-structure interaction
problem, upstream imposed incident disturbances can be repre-
sented in terms of s modes and/or c modes. For s-modes incident
disturbancesan eigenmodeanalysisof the unsteadyswirling motion
is used to describe the incident perturbations.For c-modes incident
disturbances the initial-value analysis developed in Ref. 16 is used
to describe the evolution of the vortical disturbances,which gener-
alizes the concept of a gust to vortical swirling � ows.

The interactionof upstreamimposed incidentdisturbanceswith a
cascade of unloaded blades produces a scattered velocity � eld, i.e.,
the cascade response, by means of satisfying the impermeability
condition along the blade surface. The scattered � eld creates un-
steady pressure loading along the blade surface and radiates sound
in the upstream and downstream far � elds. The analysis developed

in Ref. 16 gives the expression for u(R)
(c) and u (c) . The scattered � eld

is then determined by solving the coupled equations (6) and (7) for
u(R)

(s) and u (s) subject to the impermeabilityconditionalong the blade
surface and nonre� ecting radiationconditionsat the inlet and outlet.

Application to Turbomachinery
We now focus our attentionon the problemof turbomachinetwo-

row interation. We consider a nonuniform � ow with a mean swirl
downstream of a rotor (stator) with B blades and angular velocity
X R and examine its interaction with a downstream stator (rotor)
with Nb blades. In both cases the large-scale structure associated
with the wake-induced velocity u(i ) is viewed in the upstream row
frame of reference as stationary and periodic in the circumferential
direction. Hence,

u(i ) =
X

m

Bm (x, r ) exp(im h ) (11)

where Bm(x , r) is the amplitude vector of the m harmonic, which
is a multiple integer of the number of blades in the upstream row,
and h is the circumferential angle in the upstream row frame of
reference. In the downstream row frame of reference, u(i ) appears
as a time-dependentwave of the form

u(i) (x , r, h ; t) =
X

m

Bm (x , r ) exp[i (m h 0 ¡ x t)] (12)

where x =m X R . Bm (x , r ) is determined numerically in terms of
Bm (x0 , r) using an eigenmode and/or an initial-valueanalysis. h 0 is
the circumferential angle in the downstream frame of reference. In
particular, the evolution of the wake-induced vortical perturbation
is obtained from the initial-value analysis presented in Part 1 of
this paper.16 Without loss of generality,we consider a single ( x , m)
Fourier component of Eq. (12):

Bm(x , r) = Am(x , r) + r u (c)m(x , r) (13)

which is expressed in terms of the vortical velocity amplitude
Am (x0 , r) and its associated potential part r u (c)m(x , r), whose ex-
pressions are given in Ref. 16.

The blade upwash caused by Eq. (12) will produce a scattered
� eld whose potential part is denoted by the potential function u (s)

and whose vortical part is denoted u( R)
(s) . Because of the linearity

of the problem, the unsteady loading and sound radiated from the
blades will be at the same frequency x . Thus, we can factor out the
time dependence for the scattered � eld by introducing

u (s)(x , r, h ; t ) = ˆu (s)(x , r, h )e ¡ i x t (14)

u(R)
(s) (x , r, h ; t ) = û(R)

(s) (x , r, h )e ¡ i x t (15)

where u (s) and u( R)
(s) must satisfy Eqs. (6) and (7) with the upwash

conditions along the blade’s surface and nonre� ecting conditionsat
the inlet and outlet of the computationaldomain.

For typical fan engines B and Nb are usually large numbers of
about 20 and 40, respectively. If, for example, the rotor is upstream
and is rotating with an angular velocity X R , then upstream � ow
nonuniformities will be seen in the stator frame of reference as
propagating waves with a fundamental frequency x = B X R . The
nondimensional frequency ˜x = x rm / U0 = (B) is therefore large.
This suggests nondimensionalization of lengths with respect to rm
(denotedwith the superscript ¤ ) when variationsof mean � ow quan-
tities such as the mean � ow vorticity f ¤

0 = f 0rm / U0 are considered
and with respect to blade spacing 2 p rm / Nb (denoted with the su-
perscript 0 ) for unsteady � ow spatial variations.Time will be nondi-
mensionalized with respect to 1/ x and the mean velocities, with
respect to U0 .

Equation (6) can then be rewritten as
³

@

@t ¤
+

a s Nb

2 p B
U ¤ ¢ r 0

´
u(R) +

a s

B
u(R) ¢ r ¤ U ¤ =

a s

B
f ¤

0 £ r 0 u (16)

where a s =U0 / rm X R = (1).
Because we are considering a scattered particular solution of

Eq. (6), Eq. (16) implies that u(R)
s = (1/ B) and may be neglected
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to � rst order. This result concurs with our eigenvalue analysis,
which shows that the right-handside f 0 £ r u (s ) scaleswith X r u (s) ,
whereas the left-hand side cu

(R)
(s) scales with K mnu(R)

(s) , where
K mn = ¡ x + kmnUx + mUs / r is an eigenvalueof the convectedop-
erator D0 / Dt. The latter involves modal axial, circumferential, and
radial wave numbers kmn , m, and n, respectively. As shown for the
test cases below, j K mn j À X for the nearly sonicmodes.As a result,
j u(R)

(s) j ¿ j r u (s ) j .
This suggests the following asymptotic expansion:

u (s) = u (0)
(s) + (1/ B) u (1)

(s) + ¢ ¢ ¢ (17)

u(R)
(s) = (1/ B)u(R)(1)

(s) + ¢ ¢ ¢ (18)

Substituting Eqs. (17) and (18) into Eqs. (6) and (7) gives the
leading-orderhomogeneous convective wave equation for u (s):

D0

Dt

1

c2
0

D0

Dt
u

(0)
(s) ¡

1
q 0

r ¢ ( q 0 r ) u (0)
(s ) = 0 (19)

with the boundary condition of � ow impermeability

r u (0)
(s) ¢ n = ¡ u(i ) ¢ n (20)

imposed along the blade surface with normal n. Higher-order terms
of expansions (17) and (18) can be obtained by substituting u (0)

(s)
into the right-hand side of Eq. (6) to calculate u(R)(1)

(s) . The solu-
tion to (1/ B) is then obtained by solving the nonhomogeneous
equation (7), with the boundary condition

£
u(R)(1)

(s) + r u (1)
(s)

¤
¢ n = 0 (21)

The numerical analysis of this paper is limited to determining
leading-orderterm u (0)

(s) of theexpansion(17). For simplicitywe drop
the superscript 0. The boundary-value interaction problem is thus
formulated in terms of the homogeneous equation (19), with the
bladeboundarycondition(20), the Kutta conditionat the blade trail-
ing edges, continuity of the unsteady pressure and normal velocity
along the blade wakes, and upstream and downstreamnonre� ecting
boundary conditions.

It is convenient to nondimensionalize all of the characteristic
quantities, as follows. All lengths will be normalized by the pro-
jection of the blade semichord on the machine axis c/2; time t , by
c /2U0; the mean � ow velocity components, by U0; the velocity of
the incident disturbance u(i) , by max j Bm(x0, r) j ; the potential re-
sponse u (s) at each blade stripr =rs , by j B(n)

m (0, r) j c/ 2. To compare
the resultsof the present analysiswith two-dimensionalstrip theory,
we normalize the unsteady pressure p 0 , by ¯q 0Ux j B(n)

m (0, r ) j , where
¯q 0 is the stagnationmean � ow density and j B(n)

m (0, r) j is the upwash
component of the incident velocity perturbation at the blade strip
midchord position.

We also introducethe reducedfrequencyassociatedwith theblade
chord k(s) = x c /2U0 and the Mach numbers of the axial and swirl
meanvelocitycomponents Mx =Ux / c̄0 (M̄x =U0 / c̄0 ), M C = C / r c̄0

(M̄ C = C / rm c̄0), and M X = X r / c̄0 (M̄ X = X rm / c̄0 ), where c̄0 is the
stagnation mean � ow speed of sound and rm is the mean radius of
the annulus, rm =(rh + rt ) / 2, and rh and rt are the hub and tip radii
of the annular duct. Finally, the number of blades in the row Nb is
speci� ed.

Numerical formulation in the frequency domain leads to the
boundary-value problem for an elliptic three-dimensional partial
differential equation with nonconstant, complex coef� cients. The
blades are assumed rigid, unloaded, and evenly spaced in the cas-
cade situated in an in� nite uniform annular duct. The assumption
of evenly spaced cascade blades leads to the quasi-periodicitycon-
dition between the blades

ˆu (s) (x , r, h + 2 p / Nb) = ˆu (s) (x , r, h )ei r (22)

where r =2 p m / Nb is the interblade phase angle. Along the sur-
faces of the blade wakes with normal vector n, pressure and normal
velocity continuity is expressed by

p̂ 0
(s) (x , r, h + 2 p / Nb) = p̂ 0

(s)(x , r, h )ei r (23)

£
r ˆu (s) ¢ n

¤
(x , r, h + 2 p / Nb) =

£
r ˆu (s) ¢ n

¤
(x, r, h )ei r (24)

Physical domain

Computationaldomain

Fig. 1 Two-dimensional cut of the blade passage.

The solution is obtained for a single blade passage. The physical
domain is curved as it extends downstream to remain aligned with
the swirling streamlines of the mean � ow. Therefore, the numeri-
cal solution of the boundary-valueproblem is obtained in the trans-
formed coordinatesystem [f = x , n =r , " = h ¡ ( X + C / r 2)x / Ux ]
(Fig. 1). The computational domain extends in the axial direction
for ¡ Tx · f ·Tx , in the radial direction for rh · n ·rt , and in the
circumferential direction for 0 · " ·2 p / Nb .

In� ow/Out� ow Conditions
Upstream and downstream from the blade row, the far-� eld

behavior of the scattered unsteady disturbances is governed by
the eigenmode analysis of the governing equations.18 The in-
� ow/out� ow conditions assume modal representation of the out-
going unsteady pressure waves and satisfy causality by setting to
zero all of the modes entering the computationaldomain. This gen-
eralizes the method used by Fang and Atassi13 and Atassi et al.19

Such a � lter provides a nonre� ective solution throughout the phys-
ical space of the annular blade-row passage. Thus the nearly sonic
solution can be approximated in terms of a truncated expansion of
the nearly sonic eigenmodes U m l ,n (r ),

ˆu (s) (x, r, h ) =
LX

l = ¡ L

NX

n =1

¡¡
C (u ,d)

m l ,n
U m l ,n (r )exp

©
i
£
m l h + k (u ,d)

m l ,n x
¤ª¢¢

(25)
where n and m l are the radial and circumferential modal numbers,
respectively. Note that m l is determined from the cascade quasi-
periodicity condition m l =m + l Nb . The axial wave numbers k(u)

m l ,n

and k (d)
m l ,n

represent two families of eigenvalues obtained from the
eigenmodeanalysis.In the frame of referencemovingwith the mean
� ow, these two families correspond to upstream and downstream
propagatingpressure–dominated scatteredmodes, respectively.The
unknown constants C (u,d)

m l ,n will be de� ned numerically by matching
the asymptoticfar-� eld expansionwith the solutionof the boundary-
value problem. We also introduce the normalized pressure mode

m l ,n (r ) = ¡
i q 0

Mx ¯q 0
K m l ,n U m l ,n (r) (26)

where K m l ,n is the normalized eigenvalueof the convected operator
D0 /Dt

K m l ,n =
£
¡ k(s) M̄x + k (u ,d )

m l ,n
Mx + ( m l / r)(M X + M C )

¤
ê Mx (27)

Because the eigenmodeanalysisuses a pseudospectralmethod,18

spurious and nonphysical eigensolutions must be � ltered out. In
addition, causality imposes the condition that only outgoing propa-
gating and evanescent pressure waves satisfying causality must be
selected.



GOLUBEV AND ATASSI 1153

The in� ow/out� ow conditions are implemented in the form of
impedence-typerelationsbetweenthe unsteadypressureand its con-
vective derivative.This formulation is consistentwith the condition
of pressurecontinuityacross the wakesof the blades.The conditions
are applied at the upstream and downstream planes x =xu,d of the
computationaldomain boundaries. They incorporate the expansion
of the solution for the unsteadypressure in terms of the eigenmodes
(26). The Fourier component of the pressure p̂ 0

(s) corresponding to
ˆu (s) in Eq. (25) can be represented in the form of the vector product

p̂ 0
(s)(x , r, h ) = P(x , r, h ) ¢ C (28)

where

P(x , r, h ) =

2

6666666666666666664

m ¡ L ,1(r)exp
n
i
h
m ¡ L h + k (u ,d )

m ¡ L ,1

i
x
o

m ¡ L ,2(r)exp
n
i
h
m ¡ L h + k (u ,d )

m ¡ L ,2

i
x
o

¢
¢
¢

m ¡ L , N (r)exp
n
i
h
m ¡ L h + k (u ,d )

m ¡ L , N x
io

¢
¢
¢

m L , N (r )exp
n
i
h
m L h + k(u,d)

m L , N x
io

3

7777777777777777775

(29)

and C ={C (u,d)
m l ,n } is the vector of unknown modal amplitudes.

To construct the matrix formulation of the in� ow/out� ow condi-
tions, vector (29) is written for each of the (2L + 1) £ N grid points
( h i , r j ), i =1, . . . , 2L + 1, j =1, . . . , N in the x = xu ,d planes.The
resulting vector of grid solutions P(x) ={p̂ 0

(s) (x, r j , h i )} is written
in the form of the matrix-vector product

P(x) = P̃(x) ¢ C (30)

with the rows of matrix P̃(x) � lled with the transposed vectors
PT (x , r j , h i ) for all chosen grid points

P̃(x) =
£
PT (x , r1, h 1) ¢ ¢ ¢ PT (x , rN , h 1) ¢ ¢ ¢ PT (x , rN , h 2L + 1)

¤T

(31)

In thenumericalorderingof theglobalmatrix for theboundary-value
problem, the points (xu ,d , r1, h 1) are placed along the diagonal of
the matrix.

We now derive similar expressions for the Fourier component
of the convected derivative of the unsteady pressure at the in-
� ow/out� ow boundaries. Thus, for each grid point at the planes
x = xu ,d

D̂0

Dt
p 0

(s)(x , r, h ) = Dp(x , r, h ) ¢ C (32)

where

Dp(x , r, h ) =

2

6666666666666666664

i K m ¡ L ,1 m ¡ L ,1(r)exp
n
i
h
m ¡ L h + k (u ,d )

m ¡ L ,1x
io

i K m ¡ L ,2 m ¡ L ,2(r)exp
n
i
h
m ¡ L h + k (u ,d )

m ¡ L ,2x
io

¢
¢
¢

i K m ¡ L , N m ¡ L , N (r)exp
n
i
h
m ¡ L h + k(u ,d)

m ¡ L , N x
io

¢
¢
¢

i K m L , N m L , N (r)exp
n
i
h
m L h + k (u ,d)

m L , N x
io

3

7777777777777777775

(33)

The resulting grid vector Dp (x) ={D̂0 p 0
(s)(x , r j , h i ) / Dt} is repre-

sented as follows:

Dp(x) = D̃p(x) ¢ C (34)

where

D̃p(x) =
£
DT

p (x , r1, h 1) ¢ ¢ ¢ DT
p (x , rN , h 1) ¢ ¢ ¢ DT

p (x, rN , h 2L + 1)
¤T

(35)

Substituting the vector of modal coef� cients from Eq. (30) into
Eq. (34), we derive the following impedence-type relation:

Dp = D̃p ¢ P̃
¡ 1

¢ P (36)

This expression can be further simpli� ed because the terms
exp[ik (u ,d)

m l ,n x] drop out in the preceding matrix product. As a re-
sult, numerical implementationof the in� ow/out� ow conditionsfor
each grid point reduces to the form

@p̂ 0
(s)

@f
¡ ik(s )

M̄x

Mx
p̂ 0

(s) ¡ RT ¢ [D̃ ¤ ¢ (P̃ ¤ ) ¡ 1 ¢ P] = 0 (37)

where R =(1, 0, . . . , 0) is a vector of (2L + 1) £ N elements and
P̃ ¤ =[ m l ,n (rn ) exp(i m l h l )] and D̃ ¤ =[i K m l ,n m l ,n (rn ) exp(i m l h l)] are
matrices.In expansion(25) N is limitedby thenumberof grid points
in the radial direction, and (2L + 1) by that in the circumferential
direction. In practice, one may choose the number of terms in the
truncated series less than the number of grid points. In this case the
best accuracy is obtained if we neglect the terms corresponding to
rapidly decaying modes with high Im[k(u,d)

m l ,n ].
The in� ow and out� ow computational boundaries are located

only a short distance away from the blades (of the order of blade
chord). Hence, the evanescentmodes will contribute to the unsteady
pressure levels at these boundaries. The close location of the in-
� ow/out� ow boundaries to the blades is primarily imposed by the
computational requirements. It would be advantageous to increase
the number of grid points by using ef� cient iterative solvers such
as a generalized minimal residual algorithm (GMRES). However,
such solvers so far failed to provide a reliable convergent solution
to the complex algebraic system of equations resulting from the
numerical discretization of the unsteady interaction problem. This
is in part related to the dense � ll-in of rows of the boundary-value
problem matrix at the in� ow/out� ow boundaries, in contrast to a
typically sparse � ll-in of the matrix rows elsewhere. This appears
to deteriorate the overall matrix condition number and results in
convergencefailures for the iterative solvers.To limit the numberof
terms in the expansion (25) and thus improve the matrix, we limit
expansion (25) to all propagating modes and to those evanescent
modes satisfying the criterion

ê
ê exp

£
ik(u ,d)

m l ,n (xu ,d § 1)
¤
ê
ê ¸ 0.01 (38)

where + is takenat the upstreamboundaryand ¡ at the downstream
boundary.

Direct solvers have signi� cant computer memory requirements
for matrix storage and inversion. For higher reduced frequencies
these requirements increase because more grid points are needed to
resolve and propagate the pressuremodes to the far � eld. Moreover,
theproblemofwave resolutionis more severeformodespropagating
in a swirling mean � ow. As illustrated in the numerical examples
shown next, the Doppler effect spreads the axial wave numbers
k (u ,d )

m l ,n
of acoustic and evanescent modes over a much wider range

compared to the uniform � ow. As a result of this wave dispersion,
one needs to resolve the waveforms over a wider range of modal
wavelengths, which requires smaller mesh size in the numerical
discretization.

Comparison with Two-Dimensional Model
In the classical two-dimensional cascade theory of the unrolled

cascade (e.g., Ref. 3), the stationary velocity perturbation is repre-
sented in the orthogonalcoordinatesX =(X1, X2 , X3), with the X1

axis aligned with the mean � ow and X3 axis in the span direction

u(2D)
( i) = B(2D)(X3)e

im X2 / r cos m (39)

where m = tan ¡ 1 Us / Ux is the � ow swirl angle. B(2D) (X3) is the
frozen stationarygust velocity amplitudevector, which can be writ-
ten in the form
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B(2D)(X3) = ( Am ,q Î1 + Bm,q Î2) cos( p q X3 /b)

+ ( A 0
m,q Î1 + Cm,q Î3) sin( p q X3 / b) (40)

where Î1, Î2, and Î3 are unit vectors in the X1 , X2, and X3 directions;
Am,q , A 0

m,q , Bm,q , and Cm ,q are constant complex amplitudes of the
gust harmonic coupled by the divergence-freecondition

im

p r cos m
Bm ,q +

q

b
Cm ,q = 0 (41)

and q =0, 1, 2, . . . . The term with A 0
m ,q is commonly omitted in

two-dimensional theories that, because of the radial symmetry, do
not contribute to the cascadeunsteadyresponse.Note, however, that
it does contribute in three-dimensionaltheory. Usually the � rst term
of the imposed disturbancevelocity (40) models velocity defects in
the wakes of an upstream cascade,whereas the other two terms may
representunsteadysecondary� ows producedin the turbomachinery
annulus.

For the two-dimensionalmodel the formulation of the boundary-
value gust-cascade interaction problem is equivalent for both cases
of rotor/stator and stator/rotor interactions and may be reduced to
an integral equation for the unsteadypressure jump across the blade
surface. The early treatments solved numerically the integral equa-
tion in a frame of reference � xed with the downstream cascade
blades Y = (Y1 , Y2 , Y3) with an upwash velocity component of the
sinusoidal gust

u(2D)
(i) = aei(k ¢ Y ¡ x t) (42)

where a ={a1 , a2, a3} and k ={k1, k2 , k3} represent, respectively,
the gust amplitude and wave vectors in the Y coordinates.Only the
upwash gust componenta2 will contribute to the unsteady response
of the blades.

Interstage Interaction
We now apply the boundary-value analysis to model the un-

steady interrow interaction.We consider only vortical incident dis-
turbances.The case of incident acoustic disturbancescan be treated
in a similar way.

We examineseparatelytwo differentcasesof this turbomachinery
interactioncorrespondingto stator/rotorand rotor/stator interactions
as shownin Figs. 2 and3.The schematicviewsare shownfromabove
of the stator and rotor blade rows at a radius r of the turbomachinery
annulus.The rotor is rotating with an angular velocity X R so that at
radius r the circumferentialvelocity Uc = X Rr .

Stator/Rotor Interaction
Upstream of the rotor stage in Fig. 2, a speci� ed stationary

perturbation u(i) is imposed on a swirling mean motion. In the

Fig. 2 Stator/rotor vortical interaction.

Fig. 3 Rotor/stator vortical interaction.

stator frame of reference (x , r, h ), the total mean � ow velocity is
U 1 =Ux êx + Us ê h , and the stationaryperturbationmodels thewake
velocity defects induced by the stator blades.

In the rotor frame of reference (x , r, h 0 ), the total mean velocity
Ur =Ux êx + (Us + X Rr)ê h 0 is at angle l with U 1 . For an unloaded
cascade the blades are set at a stagger angle v to provide zero an-
gles of attack for the blades ( v = l ¡ m ). In this frame of refer-
ence, the gust perturbationappears unsteady in view of the relation
h = h 0 ¡ X R t .

For the two-dimensional model it is convenient to express the
incident disturbances in terms of a coordinate system in the rotor
frame of reference

X2 = Y1 sin l + Y2 cos l ¡ X Rrt cos m (43)

so that for the rotor stage, the gust velocity (39) transforms to

u(2D)
(i ) (Y1 , Y2 , Y3) = a exp

³
im X R

³
Y1

Ur

+
Y2 cot l

Ur
¡ t

´´
(44)

The contributing upwash component of the local gust velocity is
easily deduced:

a2 = ¡ Am,q sin l + Bm,q cos l (45)

with the wave vector components k1 =m X R / Ur , k2 =k1 cot l ,
k3 = p q / b (Ur is the magnitude of Ur ).

In the three-dimensional problem the stationary gust (12) in the
rotor frame of reference (x , r, h 0 ) becomes

u(i) (x, r, h ) = Bm(x , r) exp[im( h 0 ¡ X R t )] (46)

The boundary-value interaction problem is then solved numer-
ically in the moving rotor frame of reference by transforming
the gust solution to the computational domain with " = h 0 ¡
(Us + X Rr )x / rUx ¡ X R t .

Rotor/Stator Interaction
In the case of the rotor/stator interaction (Fig. 3), the distur-

bance will appear stationary in the rotor frame of reference where
we assume it to be of the form u(i) » exp (im h ). In the stationary
stator coordinates the wake-induced perturbation is viewed as un-
steady because h 0 = h + X R t . The unsteady disturbance evolves in
the swirling mean motion and interactswith the stator row of blades
aligned with the swirling streamlines of the mean � ow ( v = m ).

As before, expression (39) describes the imposed gust velo-
city perturbation in the two-dimensional cascade model [X =(X1,
X2, X3) are now rotor coordinates aligned with the downstream
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� ow streamlines]. Transformation to the stationary coordinates Y
and (x, r, h 0 ) of the stator blades and the duct gives

X2 = Y2 ¡ X Rr s cos m = r h 0 cos m ¡ x sin m ¡ X Rr s cos m (47)

where the retarded time is introduced s = t ¡ x / Ux . Because l =0
in this case, the upwash amplitude of the sinusoidal gust (42)
is a2 = Bm,q , and the wave vector components are k1 =m X R / Ur ,
k2 =m / r cos m ¡ k1 tan m , k3 = p q / b.

The initial-value problem for the three-dimensional gust evolu-
tion is solved in the duct coordinates in which the disturbance is of
the form (46). The boundary-valueproblem for the gust response is
formulated in the transformed coordinatesalignedwith the swirling
streamlines of the mean � ow with " = h 0 ¡ xUs / rUx .

Results and Discussion
The results obtained from our three-dimensionalnumerical code

GENGUS solving the generalized gust problem in a swirling mean
� ow are compared with two-dimensional strip theory calculations.
The three-dimensional code solves the boundary-valueproblem in
the frequency domain and employs a second-order accurate � nite
difference approximation for the governing equation (19) and the
correspondingboundaryconditions.In particular,a 15-point central
differencingis applied to discretizeEq. (19), and a 7-pointone-sided
differencing is used to discretize the blade boundarycondition(20).

A linear system of equations resulting from the numerical dis-
cretizataion of the boundary-valueproblem is solved using a direct
sparse matrix solver.20 An IBM RISC 6000-590 computer system is
used in all computations.Stringent computer memory requirements
are satis� ed by choosing the extent of the computational domain
in the axial direction 2Tx =5 and the number of grid points in the
(x , r, h ) directions Nx £ Nr £ N h =100 £ 20 £ 15. Because we are
solving for the potential function, this de� nes the total number of
complex unknownsin the problemequal to 30,000.Based on the re-
sults of Ref. 19, a minimum of 15 points per wavelength is required
to properly resolve acousticmodes using a second-orderdiscretiza-
tionschemeand thus provideanadequatelinkbetween thenear-� eld
aerodynamic solution and the far-� eld unsteady � ow conditions at
the inlet and outlet boundariesof the computationaldomain. Hence,
the number of grid points is selected to satisfy this criterion for all
acoustic modes in the cases discussed next.

The results for the scattered � eld (unsteady blade response) are
examined for the case of the rotor/stator vortical interaction illus-
trated in Fig. 3. For the numerical computations we consider an
annular duct with hub and tip radii rh =3 and rt =5, respectively.
The upstreamrotorcascadehas 20 blades;hence,m =20 for the � rst
harmonic of the wake-inducedvelocity perturbation(39), which we
consider in the numerical example. The number of blades in the
stator cascade is taken Nb =15, which provides a midspan cascade
spacing s̄ =2 p rm / Nb ’ 1.7 (normalized,as all other lengths,by the
projection of blade semichord on the machine axis c/ 2).

The frequency of the stator unsteady response is determined by
x =m X R . This de� nes the reduced frequency of the interaction
problem k(s) =(m / rm) M̄R / M̄x , where M̄R = X Rrm / c̄0 . For the cal-
culations we take M̄x =0.644 and the ratio M̄R / M̄x =0.6; hence,
k(s) =3.

For the mean swirl we examine two cases. The � rst case, with
M̄ C =0.212 and M̄ X =0.033, corresponds to the swirl distribution
of a typical turbofanengine.The swirl for this fan design is close to
that of a free vortex. For the second case we take a mean � ow swirl
with larger vorticity M̄ C =0.1 and M̄ X =0.2. Figure 4 illustratesthe
radial variation of the mean � ow parameters in both cases.

We carry out an eigenvalue analysis18 to determine the eigen-
modes to be included in the expansion (25) for the in� ow/out� ow
boundary conditions. Figure 5 shows the eigenvalues for different
circumferentialmodalnumbers m l =m + lNb and radialmodalnum-
bers n =1, . . . , 12, with l = ¡ 7, . . . , 7. The modes from the � rst
quadrantof the complexk m l ,n

plane propagateor decay downstream,
whereas those from the third quadrant, they appear upstream. In
both cases of the mean swirl, there are four cut-on modes upstream
and two downstream. Most of the propagatingmodes correspondto
m l < 0 and thus spin oppositeto the mean swirl direction.The differ-
ences between the two cases are mostly attributed to the effects of
refraction and Doppler shift on the acoustic resonance conditions.

a)

b)

Fig. 4 Mean velocity Mach numbers for the axial (–– –– ––) and swirling
(————) components; ÅMx = 0:644: a) ÅMX = 0:033, ÅMC = 0:212; and b)
ÅM X = 0:2, ÅMC = 0:1.

a)

b)

Fig. 5 Eigenvalues for upstream ( ® ) and downstream (n ) pressure
modes; ÅMx = 0:644, k(s) = 3, m = 20: a) ÅMX = 0:033, ÅM C = 0:212; and b)
ÅM X = 0:2, ÅMC = 0:1.

Many upstream-propagatingevanescent modes have small rates of
decay, and thus may contribute to the level of unsteady pressure at
the upstream boundary of the computational domain. Based on the
criterion (38), seven evanescent modes have been included in the
expansion (25) at the upstream computational boundary.

To validate our leading-order analysis of Eqs. (6) and (7), we
show, in Table 1, the ratio j K m l ,n / X j for propagating modes in the
two casesdiscussed.This ratio is smaller (as expected) for the second
case where vorticalswirl componentis dominant.Still, in both cases
this ratio is high enough to validate the approach.

The unsteady aerodynamic response of the stator blade is char-
acterized in terms of the normalized unsteady pressure jump
across the blades C s

p(x) = D p 0 (x , r), speci� ed at the blade strip
s = (r ¡ rh ) / (rt ¡ rh). In the two-dimensionalanalysis5 the param-
eters of the mean � ow and cascade geometry are recalculated for
each blade strip. We � rst compare the two- and three-dimensional
calculations to examine the effects of geometry and acoustic eigen-
modes on the unsteady blade pressure. To this end, we remove the
effects of the upwash evolution caused by the swirl and only con-
sider a frozen convectedgust upwash with amplitude B(n)

m =a2 =1,
for q =0 (k3 =0). The results in Figs. 6 and 7 are presented for
C s

p(x) along the midspan blade strip s =0.5. In both cases of the
mean � ow, the results for the magnitude of the unsteady response
are in good agreementfor the two models.On the other hand, signif-
icant phase differencesare evident, especially near the leading edge
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Table 1 Ratio j K ºl ;n/X j for propagating
acoustic modes

( m l , n)(u ,d ) k(u ,d )
m l ,n j K m l ,n / X j

Case 1 (M̄ C = 0.212, M̄X = 0.033)
(5, 1)(u) ¡ 4.2 516
( ¡ 10, 1)(u) ¡ 5.8 787
( ¡ 10, 2)(u) ¡ 4.9 720
(5, 1)(d) 0.5 145
( ¡ 10, 1)(d) 0.17 319
( ¡ 10, 2)(d) ¡ 0.98 409

Case 2 (M̄C = 0.1, M̄X = 0.2)
(5, 1)(u) ¡ 3.8 81
( ¡ 10, 1)(u) ¡ 6.1 137
( ¡ 10, 2)(u) ¡ 5.1 124
(5, 1)(d) 0.43 24
( ¡ 10, 1)(d) 0.36 51
( ¡ 10, 2)(d) ¡ 0.85 67

Fig. 6 Aerodynamic gust response at the blade strip s = 0:5 for
ÅMx = 0:644, ÅMX = 0:033, ÅM C = 0:212, k(s) = 3, B(n)

m = 1, m = 20, q = 0: nu-
merical analysis: j Cp j (————), Re(Cp) (–– –– –– ), Im(Cp) (–– ¢ ––); strip theory:
j Cp j ( ® ), Re(Cp) (++ ), Im(Cp ) ( £ ).

Fig. 7 Aerodynamic gust response Cp at the blade strip s = 0:5 for
ÅMx = 0:644, ÅM X = 0:2, ÅM C = 0:1,k(s) = 3,B(n)

m = 1, m = 20, q = 0;numerical
analysis: j Cp j (————), Re(Cp ) (–– –– –– ), Im(Cp) (–– ¢ –– ); strip theory: j Cp j ( ® ),
Re(Cp ) (++ ), Im(Cp) ( £ ).

a)

b)

Fig. 8 Downstream evolution of the gust upwash B(n)
m (x; r) along the

strips s = 0:75 (–– ¢ ––), s = 0:5 (————), s = 0:25 (–– –– –– ); ÅMx = 0:644, k(s) = 3,
Aµmq = 1, m = 20, q = 1: a) ÅMX = 0:033, ÅMC = 0:212; and b) ÅM X = 0:2,
ÅM C = 0:1.

a)

b)

Fig. 9 Modi� cation of the radial pro� le of the gust upwash B(n)
m (x; r)

from the initial position x0 = ¡ 2:5 ( ® ) to the blade leading edge x = ¡ 1
(–– –– ––), midchord x = 0 (————), trailing edge x = 1 (–– ¢ ––) for ÅMx = 0:644,
k(s) = 3, Aµmq = 1, m = 20, q = 1: a) ÅMX = 0:033, ÅMC = 0:212; and b)
ÅM X = 0:2, ÅMC = 0:1.

where Im(C p) obtained from the numerical analysis diverges from
the strip theory predictions. We presume that these discrepancies
result from high sensitivity of the phase to the effects of geometry,
mean � ow, and numericaldiscretizationin presenceof the numerous
cut-on modes existing in a swirling � ow.

We now examine the effect of the gust evolution on the aero-
dynamic response of the stator cascade. Figure 8 shows the down-
stream evolution (along the mean � ow streamline) of the gust ve-
locity upwash for the vortical disturbance imposed 3

4 of the chord
upstream from the blade leading edge, with the initial perturba-
tion A h mq =1, Armq = Axmq = Bxmq =0, m =20, and q =1. In both
cases of the mean swirl, the effect of the gust evolution is most pro-
nounced at the midspan section of the chord ¡ 1 ·x ·1. Figure 9
shows signi� cant changes of the radial pro� le of the gust upwash
along the blade chord. The increaseof the upwash near the midspan
region suggests that the effect of the gust radial pro� le change on
the cascade response will be more signi� cant at the blade midspan.

In Figs. 10 and 11 we present the three-dimensionalcalculations
for the blade unsteadypressure.To determine the effects of the gust
upwash evolution caused by the mean swirl, we compare the un-
steady blade pressure obtained in our numerical calculations for an
evolvinggust (solid line)with two casesof a strip theorycalculations
forpurelyconvectedgusts.For the � rst case (markedby x ) the frozen
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a)

b)

c)

Fig. 10 Aerodynamic gust response j Cp j at the blade strips a) s = 0:75,
b) s = 0:5, c) s = 0:25 for ÅMx = 0:644, ÅMX = 0:033, ÅMC = 0:212, k(s) = 3,
Aµmq = 1, m = 20, q = 1: numerical analysis (————), strip theory with
a2 = B(n)

m (0; r) ( ® ), and strip theory with a2 = B(n)
m (x0; r) ( £ ).

a)

b)

c)

Fig. 11 Aerodynamic gust response j Cp j at the blade strips a) s = 0:75,
b) s = 0:5, c) s = 0:25 for ÅMx = 0:644, ÅMX = 0:2, ÅMC = 0:1, k(s) = 3,
Aµmq = 1, m = 20; q = 1: numerical analysis (————), strip theory with
a2 = B(n)

m (0; r) ( ® ), and strip theory with a2 = B(n)
m (x0; r) ( £ ).

gust amplitude is the same as the initial gust amplitude at x0, and for
the second (in circles) the frozen gust amplitude is the same as that
of the evolving gust at midchord. The comparison is presented at
three blade strips: s = 1

4
, 1

2
, and 3

4
. The two-dimensionalresultswith

the midchord gust input closely predict the full three-dimensional
computations near the leading edge, but the comparison is worse
further along the chord. This can be attributed mainly to the fact
that the radial pro� le of the gust upwash undergoes a signi� cant
change from its initially harmonic distribution. In particular, the
modi� cation of the pro� le of the initial q =1 perturbationalong the
chord (in Fig. 9) suggests that a better comparisoncould be achieved
by considering the q =0 harmonic in the strip theory analysis. This
assumption is examined and con� rmed in Fig. 12 by comparing the
three-dimensionalanalysis (solid line) with two strip theory calcu-
lations for q =0 ( £ ) and q =1 ( ® ). Note that the unsteady pressure
is larger for the q =1 case. This results from a change from sub-
critical to supercritical regimes in the unsteady airfoil theory when
k3 » k1 (Ref. 1).

These results suggest that the strip theory can be used to predict
the effects of the mean swirl on the blade aerodynamic response by

a)

b)

Fig. 12 Aerodynamic gust response j Cp j at the blade strip s = 0:5
for ÅMx = 0:644, k(s) = 3, Aµmq = 1, m = 20, q = 1: numerical analysis
(————), strip theory with a2 = B(n)

m (0; r), q = 1 ( ® ), and strip theory with
a2 = B(n)

m (0; r), q = 0 ( £ ); a) ÅMX = 0:033, ÅM C = 0:212; and b) ÅM X = 0:2,
ÅM C = 0:1.

incorporatingthe initial-valueanalysisof the gust upwash evolution
and calculating the responses to each of its radial and axial Fourier
components along the blade surface.

Conclusions
A model has been developed for the interaction of unsteady in-

cident disturbances in a swirling mean motion with an annular cas-
cade of unloaded blades. The incident disturbances are modeled
using a combined eigenmode analysis with initial-value problem
solutions as described in Part 1 of this paper. For simplicity, the
mean � ow swirl is represented as the sum of a free vortex and a
rigid body rotation. The axial and radial distribution of the am-
plitude and phase of these disturbanceschange signi� cantly as they
propagatedownstream.The boundary-valueproblemfor theannular
cascadehas beenformulatedand solvednumericallyin an interblade
passage domain. The computational domain extends 3

4 of a blade
chord length upstream and downstream of the leading and trail-
ing edges, respectively.An impedence-typecondition is derived for
the in� ow/out� ow boundaries of the computational domain. This
condition uses the nearly sonic pressure-dominated modes of the
eigenmode expansion.

The scattered � eld is calculated in response to the blade upwash
and accounts for the effects of the centrifugal and Coriolis forces
inducedby the meanswirl.Benchmarkresultsfor theunsteadyblade
pressure in the rotor-wake/stator interaction problem are presented
for two mean swirl distributions. The average swirl angle is about
25 deg. The results are compared with strip theory for different
spanwise locations and show strong dependence on the axial and
radial evolution of the incident vortical disturbances.
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